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Question 1 (20 points) 
For the shown block diagram, assuming  𝑘" = 1 and 𝑘% = 0, find: 

a. The closed-loop transfer function (10 points).  
b. The steady-state error value if the input is a unit step function (10 points) 

 

Question 2 (25 points) 
For the sampled block diagram below, 𝐺((𝑠) =

",	./01

2
, determine:  

a. The closed-loop transfer function 3(4)
5(4)

 [Hint: assume zero disturbance] (5 points) 

b. The output-to-disturbance transfer function 3(4)
6(4)

 [Hint: Assume zero input] (5 points) 

c. The unit-step response assuming 𝐾 = 20,𝐾: = 5,𝐾< = 1.25, 𝑇 = 0.005 (5 points) 
d. The stability constraints on 𝐾? and 𝐾< . Plot on a 𝐾? − 𝐾< plane (10 points)  
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Question 3 (25 points) 
For the RLC circuit shown, the system equations are as follows:  

𝑉5 = 𝑅𝐼 
𝑉D = 𝐿𝐼 ̇

𝑉3 =
1
𝐶
H 𝐼	𝑑𝑡 

𝑉 = 𝑉5 + 𝑉D + 𝑉3  

If the system input is 𝑉 and the outputs are 𝑉5	and 𝑉3 : 
a. Find the state space model of the system (10 points) 
b. Find the closed-loop transfer function(s) of the system (5 points) 
c. Determine if the system is controllable (5 points) 
d. Determine if the system is observable (5 points) 
Hint: The rank of a 

Question 4 (45 points) 
Design the following filters: 

a. 2nd order Binomial low-pass filter with cut-off frequency of 50 r/s (5 points) 
b. 3rd order Butterworth high-pass filter with cut-off frequency of 50 r/s (10 points) 
c. 3rd order Butterworth digital high-pass filter with cut-off frequency of 50 r/s and 

sampling frequency of 60Hz. Use the bilinear transformation method. (10 points) 
d. 4th order Bessel band-stop filter with cut-off frequency of 50 r/s and bandwidth of 10 r/s 

(20 points) 
 

 
Good Luck 
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Stability of Discrete Systems 

 

State Space Model 
𝑥̇ = 𝐴𝑥 + 𝐵𝑢 
𝑦 = 𝐶𝑥 + 𝐷𝑢 

𝑌(𝑠)
𝑈(𝑠) = 𝐶(𝑠𝐼 − 𝐴),"𝐵 + 𝐷 

Controllability condition:  

𝑅𝑎𝑛𝑘[𝐵 𝐴𝐵 𝐴%𝐵 … 𝐴X,"𝐵] = 𝑛 

Observability condition: 

𝑅𝑎𝑛𝑘

⎣
⎢
⎢
⎢
⎡

𝐶
𝐶𝐴
𝐶𝐴%
⋮

𝐶𝐴X,"⎦
⎥
⎥
⎥
⎤
= 𝑛 

Filter Design 

Binomial LPF:  

𝐺(𝑠) =
𝜔bX

(𝑠 + 𝜔b	)X
	

Butterworth	LPF:	

𝐺(𝑠) =
𝜔bX

∏ (𝑠 − 𝑠p)X,"
pqr

 

	

𝑠p = 𝜔b𝑒
tu
% v"w

%pw"
X x	

Bessel	LPF:	

𝐺(𝑠) =
𝜃X(0)

𝜃X v
𝑠
𝜔b
x
 

𝜃X(𝑥) = |𝑎p𝑥p
X

pqr

 

𝜃X(0) = 𝑙𝑖𝑚
�→r

𝜃X(𝑥) 

𝑎p =
(2𝑛 − 𝑘)!

2X,p𝑘! (𝑛 − 𝑘)!	 

HPF,	BPF,	BSF:		

𝐺�:�(𝑠) = 𝐺D:� �
1
𝑠�	

𝐺�:�(𝑠) = 𝐺D:� �
𝑠% + 𝜔b%

𝐵𝑠 �	

𝐺��� 	(𝑠) = 𝐺�:� �
𝑠% + 𝜔b%

𝐵𝑠 � 

𝜔b = 𝜔"𝜔%	,	𝐵 = (𝜔% − 𝜔")	

Bilinear Transformation Method: 
𝐺(𝑧) = 𝐺(𝑠)|

2q4,"4w"
 

𝜔b = 𝑡𝑎𝑛 �
𝜔�𝑇
2 � 
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Laplace and Z-Transform 

𝒙(𝒕) 𝒙(𝒌𝑻) 𝑿(𝒔) 𝑿(𝒛) 

𝛿(𝑡) 𝛿(𝑘) 1 1 

𝑢(𝑡) 𝑢(𝑘) 1
𝑠 

𝑧
𝑧 − 1 

𝑡 𝑘𝑇 
1
𝑠% 

𝑇𝑧
(𝑧 − 1)% 

𝑒,��  𝑒,�p�  
1

𝑠 + 𝑎 
𝑧

𝑧 − 𝑒,��  

𝑡𝑒,��  𝑘𝑇𝑒,�p�  
1

(𝑠 + 𝑎)% 
𝑧

(𝑧 − 𝑒,��)% 

𝑒,��cos	(𝜔𝑡) 𝑒,�p�sin	(𝜔𝑘𝑇) 
𝑠 + 𝑎

(𝑠 + 𝑎)% + 𝜔% 
𝑧% − 𝑧𝑒,�� cos(𝜔𝑡)

𝑧% − 2𝑧𝑒,�� cos(𝜔𝑡) + 𝑒,%��  

𝑒,��sin	(𝜔𝑡) 𝑒,�p�sin	(𝜔𝑘𝑇) 
𝜔

(𝑠 + 𝑎)% + 𝜔% 𝑧𝑒,�� sin(𝜔𝑡)
𝑧% − 2𝑧𝑒,�� cos(𝜔𝑡) + 𝑒,%��  

  (1 − 𝑒,2�)𝑀(𝑠) (1 − 𝑧,")𝑀(𝑧) 

 


