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Filter Types

» Low-Pass Fi ‘
» High-Pass F



Low-Pass Filter (LPF)

Pass signals with frequency lower than the cut-off frequency (w,)

1G ()]



High-Pass Filter (HPF)

Pass signals with frequency higher than the cut-off frequency (w,)

1G ()]



Band-Pass Filter (BPF)

Pass signals with frequency between two frequencies (w; and w,)
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Band-Stop Filter (BSF)

Stop signals with frequency between two frequencies (w; and w,)

1G ()]



Binomial Low-Pass Filter

n

a)C
G(s) =
(s) (s + w )"
For 15t order LPF:
Wc
G(s) =
(s) S + w,
For 2nd order LPF:
2 2
G(S) r W¢ . W¢ -
s+ w:)? s242w.8 + wf
For 3 order LPF:
G(s) = W, wg

(st w)? s34 3w.52 4 3w2s + w?



Butterworth Low-Pass Filter

a)C
G(S) = =—
71}:(1)(5 — Sk)
Where
jr(,  2k+1
S = (,)CQZ(1+ n )



Butterworth Low-Pass Filter

jm 2k+1

Sk = wC67(1+ n ) k=0,1,....n—1

For 1t order LPF (n = 1):

! T —

Substituting:
G(s) = —¢

s+ w,



Butterworth Low-Pass Filter

I
S = wce 2

For 2nd order LPF (n = 2):

2k+1)

B e

. i
1 1
S; = (el = wc< )

7P
HOE 2
() +(%)
G(s) = we

s2 +\2w,s + w?



Butterworth Low-Pass Filter

jTT 2k+1
S = a)CeT(1+ n ) k=0,1,....n—1
For 39 order LPF (n = 3):
So = wce!*™? = —w:(0.5 - j0.866)
S1 = w.el™ = —w,
Sy = weel*™? = —w,(0.5 + j0.866)

3

HOE L
&)= (s + 1D[(s + 0.5w,)% + (0.8662)]

3

G(s) = =

s3 + 2w, 5% + 2w?2s + w3



Bessel Low-Pass Filter

Where

And

And

n
0, (x) = z agx”
k=0

(2n — k)!

e = In=kk1 (0 — k)!

0,,(0) = }l(i_r)r(l)en (x)



Bessel Low-Pass Filter

For 15t order LPF (n = 1):

Substituting:

 @n-k  @—k)
Tk (n—k)! | 25 FkI(1—k)

ay ap=1,a, =1

1
CHOE }(1_r)n IE akxk] =lim[l1+x]=1

x—0

(2n — k)!

T 2Kkl (n — k)!

6,,(0) = )l(i_l}(l)gn (x)



Bessel Low-Pass Filter

For 2" order LPF (n = 2):

Substituting:

ag

@k (4—k)
T Kk (n—K) 22 kKl 2=k %0

6,(0) 3 302

=3,a4=3,a,=1

G(S)ZH(S)_ 3s | s s2+3w.s + 3w
n 3

+2= 4+ =
(1)2

(2n — k)!

T 2Kkl (n — k)!

6,,(0) = )l(i_l}(l)gn (x)



Bessel Low-Pass Filter

For 3™ order LPF (n = 3):
(2n —k)! (6 — k)!

Tkl (n—k)! 23 Kk! (3 — k)!

ay = ay = 15,a; = 15,a, = 6,a3 =1

3
NOE lirré z apx®| = liH(l)[lS + 15x + 6x2 + x3] = 15
X = X
Substituting:
0,(0) 15 s 15w?
= p) 3 <3 2 2
Qn(wi) 15_|_15s 6s? s s34+ 6w.s% + 15wis + 15
Cc

+—+
W w? a)g

HOE

(2n — k)!

T 2Kkl (n — k)!

6,,(0) = )l(i_l}(l)gn (x)



e L T

.
:
:
8 & S
H
.
L3
*
:
P . S R — aes
:
H :
: :
:

Sansmansw

.
ooooooooooooo srarssdrusevsnssasssrrresun

ssssssnssmnsnamansbinsnnnnnnennban

smansmssrmsenrmens

sopmugeN

imensional

o)
5
=)
&
O
=
O

i

v
O
o

O

+—
X
[0}

=
(%]
C

Q

=
O

L

aQ
o

<

O
C
O
>
©)
0]

S

T

|
(%]
S
0}

——
w
>

(%]

O

9

9

—
C
O

O
—
[0}

o=
2

o
<
O

@)
o)
o
]
O
(%2]
o
2

9

L




High-Pass Filter Design

1
Gupr(s) = Grpr <E>

For 1st order LPF:
W¢
S + w,

GLpr(s) =

W¢

1
GHPF(S) = GypF <§> =y 1

§+wc

S
GHPF(S) = 1

S -
+wc




High-Pass Filter Design

For 2nd order LPF:

wg

s2 +\V2w,s + w?

GLpr(S) =

W

1
Gypr(s) =G <—> =
HPF LPF S 1 \/Ea)c )
2 + = + w;

&2
Gypr(s) = 2 1

2
s2+-—=s5+—
W (1)%




Band-Pass Filter Design

S° + w¢

2 y)
GBPF(S):GLPF< Bs )

Where
W, = ww, ANd B = (w, — wq)
For 15" order LPF;:

)
Grpr(s) = S +Ca)
(o
s? + w? w
Gppr(s) = GLPF( Bs C) A wg
C
Bs + W,
We get 2nd order BPF:
Bw_ s

G s) =
s () s2 + Bw,s + w?



Band-Stop Filter Design

s2 + w?
Gpsp(s) = GHPF( Bs c>

Where
W, = W1w, ANd B = (w, — w4)

For 15t order HPF:
)

Gupr(s) = 1

S+—
W¢

2 2
S+ w

s? + w? . BSC

Bs | 52+ w?
Bs

GBSF(S) = GHPF(

+1/w,

We get 2"d order BSF:

s? + w?

Gpsr(s) =

B
2 2
s* + Cs+wc



Digital Filter

Design

» Impulse Invariance Method

G(2) = TZ[G(s)]

» Step Invariance Method

G(s)
s

G(z) =(1- z‘l)Z!

» Bilinear Transformation Method

6(2)=G(s)| L4
S=7+1

Where wy is the digital cut-off frequency and T is the sampling time



Digital Filter Design - Example

wg

G(s) =
() s2 +2w,.s + w?

Cut-off Frequency is 50 rad/sec and sampling frequency is 60Hz



Digital Filter

Design - Example

W¢

s2 +2w.s + w?

G(s) =

Cut-off Frequency is 50rad/sec and sampling frequency is 60Hz

2500
s2 4+ 70.7s + 2500

G(s) =

» Impulse Invariance Method:

1
G(z) =TZ[G(s)] = 60Z

HAENVAIIO)]

2500 : 0.363z
s2 4+ 70.7s + 2500 z2—0.922z + 0.306




Digital Filter

Design - Example

W

G(s) =
() s2 +\2w.s + w?

Cut-off Frequency is 50rad/sec and sampling frequency is 60Hz

2500
s2 4+ 70.7s + 2500

G(s) =

» Step Invariance Method:

G(z) =(1- _1)Z[— =(1- _1)Z[

Gz2)=1-z"Y7Z

G(s)
T]

2500 _ 0.2306z + 0.1549
s(s2 +70.7s + 2500)| 22 —0.922z + 0.3077




Digital Filter

Design - Example

w¢

s2 +V2w,s + w?

G(s) =

Cut-off Frequency is 50rad/sec and sampling frequency is 60Hz

» Bilinear Transformation Method:

(@ =6)| ;4 =

Tz+1

(L)dT
-

6@ =6)| s

Tz+1

ol (/)dT i 50
Yol (T) T ey

0.1959
s? 4+ 0.2658s + 0.1959

) = 0.4426

G(s) =

0.1959

= 0.1075z2 + 0.215z + 0.1075

(; — %)2 +0.2658 (Z—}) +0.1959 "

z%2 —0.8828z + 0.3129



Reading List

Sections 5.2,




Non-academic Reading
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