
Computer 

Controlled Systems
DIGITAL FILTERS



How Filters Work

Filter

0 𝜔𝑐 ω0 𝜔𝑐 ω𝜔0

Time

Frequency

0 𝜔𝑐 ω𝜔00 𝜔𝑐 ω𝜔0



Filter Types

 Low-Pass Filter

 High-Pass Filter

 Band-Pass Filter

 Band-Stop Filter



Low-Pass Filter (LPF)

Pass signals with frequency lower than the cut-off frequency (𝜔𝑐)

0 𝜔𝑐 ω

𝐺 𝑠



High-Pass Filter (HPF)

Pass signals with frequency higher than the cut-off frequency (𝜔𝑐)

0 𝜔𝑐 ω

𝐺 𝑠



Band-Pass Filter (BPF)

Pass signals with frequency between two frequencies (𝜔1 and 𝜔2)

0 𝜔1 ω

𝐺 𝑠

𝜔2



Band-Stop Filter (BSF)

Stop signals with frequency between two frequencies (𝜔1 and 𝜔2)

0 𝜔1 ω

𝐺 𝑠

𝜔2



Binomial Low-Pass Filter

𝐺 𝑠 =
𝜔𝑐
𝑛

𝑠 + 𝜔𝑐
𝑛

For 1st order LPF:

𝐺 𝑠 =
𝜔𝑐

𝑠 + 𝜔𝑐

For 2nd order LPF:

𝐺 𝑠 =
𝜔𝑐
2

𝑠 + 𝜔𝑐
2
=

𝜔𝑐
2

𝑠2 + 2𝜔𝑐𝑠 + 𝜔𝑐
2

For 3rd order LPF:

𝐺 𝑠 =
𝜔𝑐
3

𝑠 + 𝜔𝑐
3
=

𝜔𝑐
3

𝑠3 + 3𝜔𝑐𝑠
2 + 3𝜔𝑐

2𝑠 + 𝜔𝑐
3



Butterworth Low-Pass Filter

𝐺 𝑠 =
𝜔𝑐
𝑛

ς𝑘=0
𝑛−1(𝑠 − 𝑠𝑘)

Where

𝒔𝒌 = 𝝎𝒄𝒆
𝒋𝝅
𝟐 𝟏+

𝟐𝒌+𝟏
𝒏



Butterworth Low-Pass Filter

𝑠𝑘 = 𝜔𝑐𝑒
𝑗𝜋
2 1+

2𝑘+1
𝑛 ; 𝑘 = 0, 1, … , 𝑛 − 1

For 1st order LPF (𝑛 = 1):

𝑠0 = 𝜔𝑐𝑒
𝑗𝜋 = −𝜔𝑐

Substituting:

𝑮 𝒔 =
𝝎𝒄

𝒔 + 𝝎𝒄



Butterworth Low-Pass Filter

𝑠𝑘 = 𝜔𝑐𝑒
𝑗𝜋
2 1+

2𝑘+1
𝑛 ; 𝑘 = 0, 1,… , 𝑛 − 1

For 2nd order LPF (𝑛 = 2):

𝑠0 = 𝜔𝑐𝑒
𝑗3𝜋/4 = −𝜔𝑐

1

2
− 𝑗

1

2

𝑠1 = 𝜔𝑐𝑒
𝑗7𝜋/4 = 𝜔𝑐

1

2
− 𝑗

1

2

𝐺 𝑠 =
𝜔𝑐
2

𝑠 +
𝜔𝑐

2

2

+
𝜔𝑐

2

2

𝑮(𝒔) =
𝝎𝒄
𝟐

𝒔𝟐 + 𝟐𝝎𝒄𝒔 + 𝝎𝒄
𝟐



Butterworth Low-Pass Filter

𝑠 = 𝜔𝑐𝑒
𝑗𝜋
2 1+

2𝑘+1
𝑛 ; 𝑘 = 0, 1, … , 𝑛 − 1

For 3rd order LPF (𝑛 = 3):

𝑠0 = 𝜔𝑐𝑒
𝑗2𝜋/3 = −𝜔𝑐(0.5 − 𝑗0.866)
𝑠1 = 𝜔𝑐𝑒

𝑗𝜋 = −𝜔𝑐

𝑠2 = 𝜔𝑐𝑒
𝑗4𝜋/3 = −𝜔𝑐(0.5 + 𝑗0.866)

𝐺 𝑠 =
𝜔𝑐
3

𝑠 + 1 𝑠 + 0.5𝜔𝑐
2 + 0.8662

𝑮 𝒔 =
𝝎𝒄
𝟑

𝒔𝟑 + 𝟐𝝎𝒄𝒔
𝟐 + 𝟐𝝎𝒄

𝟐𝒔 + 𝝎𝒄
𝟑



Bessel Low-Pass Filter

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

Where

𝜃𝑛 𝑥 = ෍

𝑘=0

𝑛

𝑎𝑘𝑥
𝑘

And

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !

And
𝜃𝑛 0 = lim

x→0
𝜃𝑛(𝑥)



Bessel Low-Pass Filter

For 1st order LPF (𝑛 = 1):

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !
=

2 − 𝑘 !

21−𝑘𝑘! 1 − 𝑘 !
⇒ 𝑎0 = 1, 𝑎1 = 1

𝜃1
𝑠

𝜔𝑐
= ෍

𝑘=0

1

𝑎𝑘
𝑠

𝜔𝑐

𝑘

= 1 +
𝑠

𝜔𝑐

𝜃1 0 = lim
x→0

෍

𝑘=0

1

𝑎𝑘𝑥
𝑘 = lim

𝑥→0
1 + 𝑥 = 1

Substituting:

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

=
1

1 +
𝑠
𝜔𝑐

=
𝜔𝑐

𝑠 + 𝜔𝑐

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

𝜃𝑛 𝑥 = ෍

𝑘=0

𝑛

𝑎𝑘𝑥
𝑘

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !

𝜃𝑛 0 = lim
x→0

𝜃𝑛(𝑥)



Bessel Low-Pass Filter

For 2nd order LPF (𝑛 = 2):

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !
=

4 − 𝑘 !

22−𝑘𝑘! 2 − 𝑘 !
⇒ 𝑎0 = 3, 𝑎1 = 3, 𝑎2 = 1

𝜃2
𝑠

𝜔𝑐
= ෍

𝑘=0

2

𝑎𝑘
𝑠

𝜔𝑐

𝑘

= 3 +
3𝑠

𝜔𝑐
+
𝑠2

𝜔𝑐
2

𝜃2 0 = lim
x→0

෍

𝑘=0

2

𝑎𝑘𝑥
𝑘 = lim

𝑥→0
3 + 3𝑥 + 𝑥2 = 3

Substituting:

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

=
3

3 +
3𝑠
𝜔𝑐

+
𝑠2

𝜔𝑐
2

=
3𝜔𝑐

2

𝑠2 + 3𝜔𝑐𝑠 + 3𝜔𝑐
2

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

𝜃𝑛 𝑥 = ෍

𝑘=0

𝑛

𝑎𝑘𝑥
𝑘

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !

𝜃𝑛 0 = lim
x→0

𝜃𝑛(𝑥)



Bessel Low-Pass Filter

For 3rd order LPF (𝑛 = 3):

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !
=

6 − 𝑘 !

23−𝑘𝑘! 3 − 𝑘 !
⇒ 𝑎0 = 15, 𝑎1 = 15, 𝑎2 = 6, 𝑎3 = 1

𝜃3
𝑠

𝜔𝑐
= ෍

𝑘=0

3

𝑎𝑘
𝑠

𝜔𝑐

𝑘

= 15 +
15𝑠

𝜔𝑐
+
6𝑠2

𝜔𝑐
2 +

𝑠3

𝜔𝑐
3

𝜃3 0 = lim
x→0

෍

𝑘=0

3

𝑎𝑘𝑥
𝑘 = lim

𝑥→0
15 + 15𝑥 + 6𝑥2 + 𝑥3 = 15

Substituting:

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

=
15

15 +
15𝑠
𝜔𝑐

+
6𝑠2

𝜔𝑐
2 +

𝑠3

𝜔𝑐
3

=
15𝜔𝑐

3

𝑠3 + 6𝜔𝑐𝑠
2 + 15𝜔𝑐

2𝑠 + 15

𝐺 𝑠 =
𝜃𝑛(0)

𝜃𝑛
𝑠
𝜔𝑐

𝜃𝑛 𝑥 = ෍

𝑘=0

𝑛

𝑎𝑘𝑥
𝑘

𝑎𝑘 =
2𝑛 − 𝑘 !

2𝑛−𝑘𝑘! 𝑛 − 𝑘 !

𝜃𝑛 0 = lim
x→0

𝜃𝑛(𝑥)



Figure source: Computer Controlled Systems – Theory and Applications (textbook) 



High-Pass Filter Design

𝐺𝐻𝑃𝐹 𝑠 = 𝐺𝐿𝑃𝐹
1

𝑠

For 1st order LPF:

𝐺𝐿𝑃𝐹 𝑠 =
𝜔𝑐

𝑠 + 𝜔𝑐

𝐺𝐻𝑃𝐹 𝑠 = 𝐺𝐿𝑃𝐹
1

𝑠
=

𝜔𝑐

1
𝑠 + 𝜔𝑐

𝑮𝑯𝑷𝑭 𝒔 =
𝒔

𝒔 +
𝟏
𝝎𝒄



High-Pass Filter Design

For 2nd order LPF:

𝐺𝐿𝑃𝐹(𝑠) =
𝜔𝑐
2

𝑠2 + 2𝜔𝑐𝑠 + 𝜔𝑐
2

𝐺𝐻𝑃𝐹 𝑠 = 𝐺𝐿𝑃𝐹
1

𝑠
=

𝜔𝑐
2

1
𝑠2

+
2𝜔𝑐
𝑠

+ 𝜔𝑐
2

𝑮𝑯𝑷𝑭 𝒔 =
𝒔𝟐

𝒔𝟐 +
2

𝝎𝒄
𝒔 +

𝟏

𝝎𝒄
𝟐



Band-Pass Filter Design

𝐺𝐵𝑃𝐹 𝑠 = 𝐺𝐿𝑃𝐹
𝑠2 +𝜔𝑐

2

𝐵𝑠

Where

𝜔𝑐 = 𝜔1𝜔2 and 𝐵 = (𝜔2 − 𝜔1)

For 1st order LPF:

𝐺𝐿𝑃𝐹 𝑠 =
𝜔𝑐

𝑠 + 𝜔𝑐

𝐺𝐵𝑃𝐹 𝑠 = 𝐺𝐿𝑃𝐹
𝑠2 +𝜔𝑐

2

𝐵𝑠
=

𝜔𝑐

𝑠2 + 𝜔𝑐
2

𝐵𝑠 + 𝜔𝑐

We get 2nd order BPF:

𝑮𝑩𝑷𝑭 𝒔 =
𝑩𝝎𝒄𝒔

𝒔𝟐 + 𝑩𝝎𝒄𝒔 + 𝝎𝒄
𝟐



Band-Stop Filter Design

𝐺𝐵𝑆𝐹 𝑠 = 𝐺𝐻𝑃𝐹
𝑠2 + 𝜔𝑐

2

𝐵𝑠

Where
𝜔𝑐 = 𝜔1𝜔2 and 𝐵 = (𝜔2 − 𝜔1)

For 1st order HPF:

𝐺𝐻𝑃𝐹 𝑠 =
𝑠

𝑠 +
1
𝜔𝑐

𝐺𝐵𝑆𝐹 𝑠 = 𝐺𝐻𝑃𝐹
𝑠2 + 𝜔𝑐

2

𝐵𝑠
=

𝑠2 + 𝜔𝑐
2

𝐵𝑠
𝑠2 + 𝜔𝑐

2

𝐵𝑠
+ 1/𝜔𝑐

We get 2nd order BSF:

𝑮𝑩𝑺𝑭 𝒔 =
𝒔𝟐 +𝝎𝒄

𝟐

𝒔𝟐 +
𝑩
𝝎𝒄

𝒔 + 𝝎𝒄
𝟐



Digital Filter Design

 Impulse Invariance Method
𝐺 𝑧 = 𝑇Ζ 𝐺(𝑠)

 Step Invariance Method

𝐺 𝑧 = (1 − 𝑧−1)Ζ
𝐺 𝑠

𝑠

 Bilinear Transformation Method

𝐺 𝑧 = 𝐺 𝑠 ቚ
𝑠=

𝑧−1
𝑧+1

𝜔𝑐 = tan
𝜔𝑑𝑇

2

Where 𝜔𝑑 is the digital cut-off frequency and 𝑇 is the sampling time



Digital Filter Design - Example

𝐺(𝑠) =
𝜔𝑐
2

𝑠2 + 2𝜔𝑐𝑠 + 𝜔𝑐
2

Cut-off Frequency is 50 rad/sec and sampling frequency is 60Hz 



Digital Filter Design - Example

𝐺(𝑠) =
𝜔𝑐
2

𝑠2 + 2𝜔𝑐𝑠 + 𝜔𝑐
2

Cut-off Frequency is 50rad/sec and sampling frequency is 60Hz 

𝐺(𝑠) =
2500

𝑠2 + 70.7𝑠 + 2500

 Impulse Invariance Method: 

𝐺 𝑧 = 𝑇Ζ 𝐺(𝑠)

𝐺 𝑧 = 𝑇𝑍 𝐺 𝑠 =
1

60
𝑍

2500

𝑠2 + 70.7𝑠 + 2500
=

0.363𝑧

𝑧2 − 0.922𝑧 + 0.306



Digital Filter Design - Example

𝐺(𝑠) =
𝜔𝑐
2

𝑠2 + 2𝜔𝑐𝑠 + 𝜔𝑐
2

Cut-off Frequency is 50rad/sec and sampling frequency is 60Hz 

𝐺(𝑠) =
2500

𝑠2 + 70.7𝑠 + 2500

 Step Invariance Method: 

𝐺 𝑧 = 1 − 𝑧−1 Ζ
𝐺 𝑠

𝑠

𝐺 𝑧 = 1 − 𝑧−1 𝑍
𝐺 𝑠

𝑠
= 1 − 𝑧−1 𝑍

2500

𝑠(𝑠2 + 70.7𝑠 + 2500)
=

0.2306𝑧 + 0.1549

𝑧2 − 0.922𝑧 + 0.3077



Digital Filter Design - Example

𝐺(𝑠) =
𝜔𝑐
2

𝑠2 + 2𝜔𝑐𝑠 + 𝜔𝑐
2

Cut-off Frequency is 50rad/sec and sampling frequency is 60Hz 

 Bilinear Transformation Method: 

𝜔𝑐 = tan
𝜔𝑑𝑇

2

𝐺 𝑧 = 𝐺 𝑠 ቚ
𝑠=

𝑧−1
𝑧+1

𝜔𝑐 = tan
𝜔𝑑𝑇

2
= tan

50

2 ∗ 60
= 0.4426

𝐺(𝑠) =
0.1959

𝑠2 + 0.2658𝑠 + 0.1959

𝐺 𝑧 = 𝐺 𝑠 ቚ
𝑠=

𝑧−1
𝑧+1

=
0.1959

𝑧 − 1
𝑧 + 1

2

+ 0.2658
𝑧 − 1
𝑧 + 1 + 0.1959

=
0.1075𝑧2 + 0.215𝑧 + 0.1075

𝑧2 − 0.8828𝑧 + 0.3129



Reading List

Sections 5.2, 5.3, and 5.4



Non-academic Reading




