Computer
Conftrolled Systems

STATE SPACE MODELS



Prior Khowledge

» Transfer Functions, Block Diagrams
» Coveredin CSE 313 (Automatic Control)
» Reviewed in sheet 2

» Read section 2.6

» Z-transform, Inverse Z-fransform
» Covered in CSE 416 (Digital Conirol)
» Reviewed in sheet 3

» Read section 3.5



Prior Khowledge

» Sampled Block Diagrams
» Coveredin sheet 4

» Read section 3.7

» Stability in discrete systems
» Coveredin Sheet 5
» Read section 3.8



State Space Models

» One more way 1o represent a control system
» Defines the system Iin terms of system sfafes
» Can be used for MIMO systems

x = Ax + Bu
y=Cx+ Du



State Space Models

X = Ax + Bu
y=Cx+ Du

. System input(s)

. System Output(s)

. System states

: System state derivatives
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Mass-Spring <

Input :u=F
Output iy =
States: ¢¢




Mass-Spring System

Input :u=F
Output iy =x

States i x; =x, x, = %
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Mass-Spring System
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RLC Circuit

Input:u=V

Outputs iy =V , vy, = V¢

States : ¢¢ o
Vp = RI
V;, = LI
[ =CV,

V:VR‘l‘VL‘l‘VC

Image Source: https://en.wikiversity.org/wiki/RLC circuit (CC BY-SA 3.0)



https://en.wikiversity.org/wiki/RLC_circuit
https://creativecommons.org/licenses/by-sa/3.0

RLC Circuit

Input:u=V
Outputs iy =V , vy, = V¢
States:xy =1,%x, =V o
e L Vg = RI
| =
VC:EI I=CVC
Ve = RI V=V +V, +V,

Image Source: https://en.wikiversity.org/wiki/RLC circuit (CC BY-SA 3.0)



https://en.wikiversity.org/wiki/RLC_circuit
https://creativecommons.org/licenses/by-sa/3.0

RLC Circuit

Input:u=V
OUTpUTS V1 = VR ' Yo = VC
States i x; =1 ,x, =1

s 1
X1 =Zu _lel —sz
'X':Z ZExl
Y1 = Rxq
Y2 = X3

Image Source: https://en.wikiversity.org/wiki/RLC circuit (CC BY-SA 3.0)

Ve = RI
VL=LI
I=CVC

V:VR‘l‘VL‘l‘VC


https://en.wikiversity.org/wiki/RLC_circuit
https://creativecommons.org/licenses/by-sa/3.0

RLC Circuit

Input:u=V
OUTpUTS V1 = VR ' Yo = VC
States i x; =1 ,x, =1 o

HEEs .
X —
=15 g

V:VR‘l‘VL‘l‘VC

Image Source: https://en.wikiversity.org/wiki/RLC circuit (CC BY-SA 3.0)



https://en.wikiversity.org/wiki/RLC_circuit
https://creativecommons.org/licenses/by-sa/3.0

State Space to Transter Function

X = Ax + Bu
sX(s) = AX(s) + BU(s)
(sI — A)X(s) = BU(s)
X(s) = (sI — A)~'BU(s)
y=Cx+ Du
Y(s) = CX(s) + DU(s)
Y(s) = [C(s] —A)'B + D] U(s)

@ =C(sI-A)B+D
(s)



Example — Mass-Spring System
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m = C(sI —A)_lB + D



Discrete State Space Models

x(k+1) = Ax(k) + Bu(k)
y(k) = Cx(k) + Du(k)

Y(2)

OR C(zl-A)B+D




Controllablility & Olbservability

» A system is controllable
» If the state vector can be determined from the input vector
» i.e., iff the rank of the confrollability mafrix is n:

Rank[B AB A?B .. A" 'Bl=n

» A system is observable
» If the state vector can be determined from the output vector
» i.e., iff the rank of the observability matrix is n:

C
CA
Rank| CA? |=n

C A;I—l_



Example — Mass-Spring System

0 1 0
A= K ll/m],c [1 0]
i oL
AB=| " |[=[BABl=|, ™, |=IB ABI=—#iOzRank=2=>Controllable

CA=]0 1]= lcillzl(l) (1)]=> |C(i4|=1¢0=>Rank=2:>0bservable



QuIz

1. Find the transfer functions of the RLC system given the state space
model

2. Determine if the RLC system is controllable and observable
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vl =lo 1l



Reading List

Sections 4.1,




Non-academic Reading
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